Extended Lambda-Maxwell duality and related large class of dyonic and neutral 
exactly solvable 4D Einstein-Maxwell-dilaton models discovered 
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We report the discovered class of exact static solutions of several 4D Einstein-Maxwell-dilaton sys- 
tems: string-induced, Liouville, trigonometric, polynomial, etc., for three basic topologies (spherical, 
hyperbolical and flat) being uniformly treated. In addition to the usual electric-magnetic duality 
this class obeys a certain extended duality between Maxwell-dilaton coupling and dilaton mass. 
Though major solutions we obtain are dyonic, the class also comprises interesting neutral models. 
As a by-product, we significantly succeded in resolving of the two important problems, one of which 
has been standing more than a decade (system with the string-inspired exponential Maxwell-dilaton 
coupling and non-vanishing dilaton mass) and another one - gravity coupled to massive neutral 
scalar field: generalized Liouville, Sin(h), Cos(h) - is about fifty years old. Finally, we demonstrate 
the full separability of the static EMD system and publicize the simple procedure of how to generate 
new integrability classes. 
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Definitely, nowadays the Einstein-Maxwell-dilaton sys- 
tem, described by the action 



2k jj S — 



R + B (d(f>f 



EF Z 
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with Z, B, E and A being functions of (f>, — V ^Av — 
V v Afj,, is the most important field-theoretical model, e.g., 
it appears in low-energy limit of string theory. In gen- 
eral, the arena of such systems is the microworld where 
averaged charges cannot be made negligible. In neutral 
case S = this system is primarily used in cosmology |l]] 
beginning from the (Jordan-Thirry-)Brans-Dicke mod- 
els or when studying fundamental aspects of black hole 
physics. Anyway, theorists are highly interested in exact 
solutions (|l|) because no satisfactory perturbation theory 
has been constructed for it and numerical solutions can 
be regarded only as additional arguments. To settle all 
the conventions let us first extract field equations from 
the action above: 
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We are interested in 4D static solutions hence further we 
will work with the metric ansatz 
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d0 2 + 9 2 dp> 2 , k = 0, 
d0 2 + smh 2 9 dp 2 , k = -l, 
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thus k enumerates these three topologies - spherical, flat 
and hyperbolic - we will work with all of them simul- 
taneously and uniformly. Similarly, the electromagnetic 
potential 1-form is assumed as 



oj(r) dt — P cos 6 dip, k = l, 
A = { uAr) dt - \P9 2 dp, k = 0, 
ui(r) dt — P cosh 8 dip, k = — 1 



(4) 



with constant P being the magnetic charge. With all 
this in hand the field equations above take the form (we 
adopt curvature conventions from Appendix of Ref. [|2j): 



A" + A'(A' + U') -Ee- 2A - U 
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where G is the Einstein tensor, the subscript ", 0" stands 
for the derivative with respect to scalar field. Without 
loss of generality we can assume Z((j>) = 1 (that can 
be always achieved in D > 2) and B(4>) — —0/2, is a 
constant - we wish to keep it unfixed as a regulator of the 
dilaton's rescaling which may involve the imaginary unit. 



where ' = d r , E = 2 (Q 2 S _1 +P 2 E), integration constant 
Q stands for electric charge up to a coefficient. 

Now we are in position to present the promised class 
of solutions which was obtained using the approach [0. 
Thus, if E(<fi) and A(</>) obey the linear ODE which is 
invariant under extended duality transformations {A 



1 



S, d 2 <-> l/c?2, rfi <-> — di, /3 <-> — /?}, in addition to the 
usual electric-magnetic {£ <-> 1/B, Q <-> P} duality ones, 



S+|^ j = -2/,-. ,1.0! 



where d\, d<2 = e dl< ^° are arbitrary constants, then 

•^/d 2) = r*+ 3 ?, (11) 



as for [/ and lo then their problem is trivial 0] . Here we 
will not address the separate good issue - does the ex- 
tended Lambda-Maxwell duality above play any special 
physical role, especially in D = 10 and 11 ||. It may 
happen that such dualities can be not only the abstract 
generators of classes of integrability but also can shed 
light upon the fundamental nature of the cosmological 
(dilaton mass) term A which is precisely known neither 
in string theory nor in cosmology. 

The class @, (0) has a singular sub-branch if j3 + 
d\ = 0. If we choose the plus root then Eq. ([To]) holds 
with di = i^/j3 but instead of ((fll) we have 



(12) 



A = ixr~\nd 2 , <j> = xr/VP, 



where vis another arbitrary constant. Thus, the expres- 
sions ((U|) and (0) or @ and © (with the recipe |] 
kept in mind) yield a complete general-in-class solution. 
Now, to demonstrate how useful and large this class is, let 
us consider its most key or important specimens. At the 
same time we will resolve some problems that harassed 
theorists for decades. 



(a) Gravity coupled to neutral scalar field: 5 = 0. 

Historically the neutral scalar field is the oldest system 
(massless neutral scalar field was considered by Fisher in 
1948 H and rediscovered afterwards by JNW fjj) so let us 
see what is the mass term our class yields. Integrating of 
Eq. ( |io| ) at Q = P = reveals the following three cases: 

(a.l) /3-d?^0. 
We obtain the (generalized) Liouville model 



A = a 2 e 



_M 2k/3d 2 







4 



-di<j> 



(13) 



where a 2 is another arbitrary constant, and from Eq. (|1] 
and Ref. B we have the two following subcases: 

(a. 1.1) (3 — id\ 7^ 0. Here A is as above whereas the 
solution is given precisely by Eq. ( |l9| ) at Q = P = 0. 

(a. 1.2) /3 — 3d? = 0. Choosing for definiteness the root 
di = \[W[^> we have 



A = e-V^ (a 2 - 3kd 



(14) 



so this is special case Q = P = of the solution (|20|) . 

{a.2) P + d\ = 0. 
The A in this case is a special case of Eq. ( |i~3f ) but we 



want to treat it separately because this is the only way 
to combine exponents into trigonometric functions, and 
this is an example where the usefulness of the sub-class 
( |l2l ) becomes evident. Using Eq. (|l2|) and H we obtain 
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where c is another arbitrary constant and A and (j) are 
given by Eq. ([l2]). The complete story is that at k ^ 
this solution contains the simplest trigonometric poten- 
tials. If we assume a 2 = —kd 2 , then we come to the 
Cosine-Einstein model and similarly for Sine-Einstein 
(a 2 = kd 2 , d 2 = id 2 ): 



A 



-2kd 2 cos{^cj)) 1 A = -2fcd 2 sin (7/30), (16) 



and for Sinh and Cosh just by Wick rotation. The solu- 
tions of such models on flat or fixed background geom- 
etry (Sine-Gordon, etc.) have been got long ago but to 
our knowledge so far nobody has managed to obtain any 
sclf-gravitating solution despite tremendous efforts were 
made in view of evident importance of the subject. 

(a.3) /3-d? = 0. 
Choosing for definiteness a positive root we obtain the 
Liouville model coupled to a linear term 



A = 



(a 2 -2k^d 2 



(17) 



its solution is given by Eq. ( |22| ) at zero charges, and with 
this model the neutral case is exhausted. 

(6) String-inspired coupling: 5 = aie bl ^ . 

The physically interesting cases are as follows (but not 
limited to). If one assumes in action (|) that (D = 4): 
13 = 16/(D - 2), 01 = -k%/2, h = -Ag 2 /{D - 2) then: 
92 = 1 corresponds to field theory limit of superstring 
model (more precisely, compactificd effective theory if 

D = 4), g 2 = \Jl + -^77^ corresponds to the toroidal T" 
reduction of (D + n)-spacetime to Z?-spacetime, g 2 = 
is a usual Einstein-Maxwell system. The previously done 
work is: Gibbons and Maeda Q received the single- 
charged solutions for A = and arbitrary D and g 2 , Do- 
biasch and Maison M discovered the dyonic solutions for 
g 2 = \/3, see also Refs. []lo|-|l2|, several solutions for 



tentials of special type were obtained in works [ 
Also a lot of qualitative and numerical work has been 
done p^[-p^7t. Summarizing what has been achieved one 
must say that major solutions were received when A = 
(except Refs. |2 14 1) and in single-charged cases whereas 
A ^ and dyonic ones still remain a terra incognita. 
Such a situation does not seem to be satisfactory be- 
cause in string-induced theories A is not negligible as a 
rule (though unknown). Let us turn to our class. Inte- 
grating of Eq. ( |l~0| ) reveals the following cases. 

{b.l) (3-dj^O, (3±b 1 d 1 -2d 2 1 ^0. 
Then the dilaton mass term is given by 
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One should not be concerned with appearance of Q and P 
- it simply means that these charges are not arbitrary but 
depend on constants in front of corresponding exponents 
(for the sake of uniformity we do not make additional 
redefinitions of newborn arbitrary constants ai, d\, d 2 , 
etc.). Incidentally note that A is essentially exponential 
hence it can be either large or incredibly small value - 
the former takes place in microworld whereas the latter 
does in cosmology. Further, when obtaining U we reveal 
a number of additional subcases generalizing Ref. fllif : 

(b.1.1) /3-3d? ^ 0, /3+d? ^ 0, [3±2bid 1 -d\ f 0. Then 
A is given by Eq. Jl8|) whereas the complete solution is 
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and A and are given precisely by Eq. ( p"l| ) . 

(6J.2) /3 - 3d? = 0, (3 + d\ 0, ± 26idi - d?^ 0. 
Choose the positive root then A is given by Eq. (nS) at 
di = \[Wji and the solution is 



2yf? 
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Other (fe.i)'s subcases when expressions @H) but not |[J 
become singular can be treated similarly using Ref. 
and either Eq. ( pi] ) or (|l2|). Their general feature is the 
appearance of logarithm in e u . 

(b.2) /3 - d? = 0, /3 ± Mi - 2d? ^ 0. 
We choose the root di = \fj3 then following Eq. ([!(]) the 
dilaton mass term is given by 



A = (aa - 2k^Pd 2 <f))e~^ + 2d 2 2 e- 2 V~^ 



, (21) 



and the only solution (no subcases) is 



c- 2A; d 2 r (In r - 2) 



4/3 di 
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(6.5) /3-d 2 ^ 0, f3 + hd 1 -2d 2 1 = 0, f3-b 1 d 1 -2dj ± 0. 
To avoid wearisome square-root branches let us impose 
b\ = 2d\ — /3/di, and work with di bearing in mind its 
relation to the given parameter b\ . We have 



A = (ai - AaididjP 2 



2kf3d 2 
J^d 2 ' 



2d 2 Q 2 ((3-d 2 ) ^ 

e "i , 



ai(/3-2d 2 ) 

whereas the solution (at 3/3 — 5d? ^ 0) is expressed as 
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with A and <p given by Eq. 
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1|), where we have denoted 
aid 2 P 2 
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x (/3 2 -2/3d?(21nr + 3) + dt(121nr-7)) 



The subcase 3/3 - 5d? = 0, i.e., {b u di} = {±^3/15, 
±-\/3/3/5}, can be treated similarly (nothing special with 
it except that u> turns out to be a linear function of In r) . 

(M) /3-d? ^ 0, (3 + b 1 d 1 -2d\ f 0, f3-b l d l -2d\ = 0. 
This case is in some sense a counterpart of the previous 
one (b.3) but the roles of Q and P are interchanged. It 
can be treated absolutely similarly as well as other cases 
when expressions (3 — d 2 , f3 ± 6idi — 2d?, are equal zero 
pairwise (the case when they are zeros all together is 
inconsistent). In all these cases A's resemble that from 
(b.3), i.e., are the combinations of exponents of dilaton 
coupled to linear functions of dilaton. 

(6.5) /3 + d? = 0. 
We choose the plus root then A is given by Eq. (|l8|) at 
dj = i\fP whereas the solution is (provided 6i 7^ ±3i-\//3) 

_ 2 c e/ = ga iyr *x(c + kd 2 r) 4/3d 2 e - 2 '^ 
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and A and <f> are given by Eq. (|12[). The subcases 
b\ = ±iyf/3, ±3iy//3 can be done by analogy. Instead 
of handling it let us outline some other interesting 5 A 
pairs that belong to the class. If thereby we do not list 
IPs and lu's then a reader is referred to Ref. M. 

(c) Massless dilaton: A = 0. 

As was mentioned above recently this is the most stud- 
ied case if 2 is a single exponent. What about H's for our 
class? We have from Eq. ( [Toj ) the two cases 

E = a ie -^- 2 M§e^, (3 + d^O, (25) 
p + a\ 



E = 2e 



(26) 



Note, if one assumes d\ — ±^/]3 then the first from these 
equations might generate several trigonometric Maxwell- 
dilaton couplings if one adjusts a\ (d 2 ), Q and P. Its 
solution for di = ^/Ji is (/ = Sll _ Jp) : 



4f, 
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dr/r 



Ad 2 QP* J f± y /p-(4PQy< 



(27) 



and A, <fi are exactly as in Eq.([22|). Note that in single- 
charged cases the square root in uj disappears so the latter 
can be resolved in ordinary functions. 

(d) A = a 2 sinh 2 0. 

This potential is also of interest for string theory 
though as a trial one. Its qualitative study was done 
in Ref. Jl7| hence an exact solution is just in time. First 
consider the singular subclass (H). Choosing dx = 
we have two subcases (here / = 2i cosh 4> + y 7 /? sinh <f) : 



d 2 ((3 + 4) 
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(28) 
-4. (29) 



Further, at arbitrary d\ ^ ±i\f]3~ the equation ( |Io|) pro- 
duces so ugly S that there is no sense to present it here. 
Instead we tried to find some simple case more or less 
resembling the string model of Ref. |l7| 5 ~ e~ 2 ^, j3 = 4. 
For instance, if we assume the purely magnetic case and 
impose d± — y/]3~, [3 — 4 we obtain the model which ap- 
proximates the string one at large P or d 2 



a 2 e 4 *(4-3e 2 *) fce 2 ^ 



48d 2 F 2 



2d 2 P 2 



2<p _ 



, , a 2"r , 2 , n \ 2d\P 2 a x 
z u = c + kd 2 r + ~^(r ~ 4r + 6) — -. 



(30) 



and A is exactly as in Eq. (22). 



(e) Quadratic potential: A = a 2 (f) 2 



This classical potential (whose study in gravity can be 
traced back as far as Ref. || ) nowadays has been revived 
as a test one in string theory 16 l^j, but all the studies 
so far were conducted at numerical or qualitative level 
only. For the sake of brevity we consider only the case 
(3 + d\ ^ then Eq. (0) yields 



0+K^0-) ( 

o?d\la 2 



,2dl4> 



2k/3/d 
/3 + dj 
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where a = f3 + 2d\ ^ 0, <j>± = ^f(± v / (3 + d 2 1 - d x ). 
Again, the solution is unnecessary bulky so it is better to 
assume d\ — \f]3~, = 1 (we still have rescaling freedom 
due to a 2 ), then we obtain: 



e u = c + kd 2 



a 2 r- 
~54 



■(l9 + 61nr(31nr-5))-^t, 



with A and tfi being given by Eq. (|22j) , and ui is as in Eq. 
@if/ = 2i-^_ ^r 2 (91n 2 r + 12Inr - 4). 

Of course, we have mentioned just a few examples. 
Other 5 or A that might appear from a concrete prob- 
lem can be paired up within our class in a similar manner. 
Despite this pairing is artificial procedure the generated 
exact solutions are better than numerical studies from 
scratch, besides ones can verify or falsify qualitative ap- 
proaches and results. 

Moreover: new classes and full separability. The class 
discussed above is not the only one - other integrability 
classes of the EMD system can be generated even without 
any use of fl if we switch the independent variable from 
r to <p (due to dilaton being an invertible function of 
r) and relax the ansatz A ~ <fi Jill). Suppose A(r) = 
A((j>(r)) then by linear rearrangement it can be shown 
that the essential system (||) , (jfy and (||) is equivalent to 
the following one 

2k (p - 1) + — (A + e-^s) + e 0+2Y 

2t{P _ 1)+ ^( A+ lM,H«v(j_ 

+— j^fH+iE^ =0, (33) 



oJ-A/2 
A.J, 



o, Y(<t>) = -P [^ + y q , (34) 

P J Aj 



where U(r) = U(4>(r)) and p = D — 2 = 2 (everything in 
this section is applicable for arbitrary D provided P = 
at D ^ 4). Consider the first two equations which are 
perfect both for obtaining A at given A and S and for the 
inverse problem, i.e., for obtaining the A- 2 pairs corre- 
sponding to a concrete A. Note, if A ~ <jf> (= di4> — lnd 2 ) 



4 



then Eq. (|33j) immediately reduces to (|10|) otherwise one 
must proceed in the following way. First step: customize 
A being any function of (j>, e.g., ln(acf) b ) or In (a sin <fi). 
Second, eliminate U from the first two equations using 
the rest ones to obtain the class equation, 



A, 



JL 
vAl 
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e A 
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3 =0, (35) 



where H 
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that does not contain Y as 



well so at fixed A it becomes a linear second-order ODE 
with respect to A and S. Final step: choose either A or 
H then the class equation recovers the missing partner 
of the pair; U(<p) is algebraically given by (|33]); other 
equations readily yield 4>(r) hence U(r), A(r), uj{r). 

Someone doing the direct task (solving A at given 5 
and A) appreciates the fact that the static EMD system 
has been thus completely separated: Eqs. (0) - (0) are 
equivalent to the mutually non- involved ODEs (|35|), (33), 
( |34| ) and (^) yielding, respectively, A, U, <j> and w. Un- 
fortunately, the most important first one is a non-linear 
third-order ODE so the direct task is still hard to be 
accomplished without supplementary symmetries or as- 
sumptions. 
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